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The convergence and basis set dependence of quantum transport calculations is studied using localized
atomic orbitals and nonlocalized basis sets. The nonequilibrium Green’s function formalism and ground-state
density-functional theory are used in the calculations. Numerical examples show that the extended nonlocal-
ized basis sets give more accurate results with much lower basis dimension than the atomic orbitals. Examples
also show that a low-dimensional atomic orbital basis can also be accurate provided that the self-consistent

ground-state potential is accurately calculated.
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I. INTRODUCTION

The convergence of energy and other physical properties
in ground-state electronic structure calculations has been in-
tensively studied in the past. Benchmark calculations have
been established and state of the art electronic structure cal-
culations are validated against them. Depending on the basis
states used in the calculation there are various ways to con-
trol the convergence. In plane-wave calculations' the conver-
gence of the energy is controlled by the energy cutoff. In
real-space grid calculations?>® convergence can be reached
by increasing the number of grid points. Convergence of
calculations using atomic orbitals are checked against the
increase in the number of orbitals in the basis.

The convergence of the conductance or the transmission
coefficient in quantum transport calculations’° is more
complicated. There is no simple minimum principle (such as
the minimum of the variational energy in ground-state calcu-
lations) that can be used to judge the quality of the calcula-
tions. Most quantum transport calculations are based on the
nonequilibrium Green’s function (NEGF) formalism which,
in its most common implementation, uses localized basis
sets. The basis set dependence of these calculations is obvi-
ously a very important issue. Nevertheless, only a very few
calculations have investigated the convergence of the trans-
mission coefficient as a function of the basis size.?"?? In Ref.
21 Gaussian-based atomic orbitals were used and the conver-
gence with respect to the number of Gaussian orbitals was
investigated for a model gold-benzeneditholate-gold struc-
ture. In Ref. 22 several test systems were used and both
atomic orbitals (SIESTA)?*} and Wannier function-based ba-
sis functions were tested. The slow convergence of the trans-
port properties with localized atomic orbitals is apparent in
both calculations. The main reason behind the slow conver-
gence of atomic orbital-based calculations is that it is hard to
represent the rapidly oscillating extended current-carrying
states with localized orbitals centered on the atoms.

In this work the convergence of transport properties is
investigated using different basis sets. Three different basis
sets, (1) localized atomic orbitals (AOs), (2) AOs augmented
with floating Gaussians, and (3) box basis functions are
tested. The first set, the AO basis, is very popular in transport
calculations and most transport codes use this representation.
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These basis functions are centered at atomic positions and
give a very good description of the wave function near the
atoms (where they are optimized), but the AO representation
of the wave function between atoms is less flexible. The
advantage of these basis sets is that they are localized and
this localization property can be exploited to speed up large
scale electronic structure calculations. On the other hand,
these basis sets cannot be systematically enlarged in a simple
way and the results are subject to basis set errors. To improve
the description of the electron scattering wave function in the
space between atoms one can augment the atomic orbitals in
the interstitial region with suitably chosen basis functions. In
this work we add a grid of “floating” Gaussian functions to
improve the representation of the wave function between at-
oms. The third set, the “box basis functions” consists of basis
functions that are obtained by diagonalizing the Hamiltonian
in an appropriately chosen region (box). Unlike the AOs
these basis functions are not tied to atomic positions and are
proven to be an efficient representation for electronic struc-
ture and transport calculations.?*

To calculate the transport properties the NEGF formalism
is used in the density-functional theory (DFT)
framework.”"'? In the NEGF implementation one has to have
basis states that do not connect the left and right leads and it
is also advantageous to have basis functions that only con-
nect the nearest periodically repeated layers in the lead. The
basis function sets employed in this work satisfy both of
these conditions.

The transport calculation has two steps. First the ground-
state density and potential are calculated self-consistently
and then, using this self-consistent potential, the NEGF for-
malism is used to calculate the transmission as a function of
energy. The accuracy of both of these steps depends on the
basis set chosen. The basis set dependence of the ground-
state DFT calculation has been extensively researched in the
past.?>?% The main objective of the present work is to inves-
tigate the basis set dependence of the second step, the trans-
mission calculation, which consists of the calculation of the
Green’s function of the system in a suitable basis represen-
tation.

The paper is organized as follows. Following the intro-
duction, Sec. II gives a brief presentation of the transport
formalism and the definition of the basis states. Numerical
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examples are presented in Sec. III and a summary is given in
Sec. IV.

II. FORMALISM

In this section we briefly describe the calculation of the
transmission coefficients and describe the definition of the
basis function sets used in the calculations.

A. Calculation of the Transmission Coefficient

In the NEGF framework the system is divided into left
and right leads and a device part as shown in Fig. 1.

The leads consist of periodically repeated layers (boxes).
The Hamiltonian is defined as

— 42
Hyg= EVZ + V(1) + Vilpl(r) + V [pl(r), (1)

where V, is the Coulomb potential of the atomic nuclei, Vy
is the Hartree potential, and V. is the exchange-correlation
potential.

Each region is represented by a set of basis functions WZ,
WC and WX, Here the index X=L,C,R refers to the fact that
these basis functions are situated in the X=L,C,R (left, cen-
ter, and right) regions. As has been discussed, only neighbor-
ing regions overlap, that is

(WHES) # 0 (WHWE) #0, (2)
but there is no overlap between the leads’ basis functions
(Wgl¥p)=0. (3)

In this basis representation the Hamiltonian and the overlap
matrices of the left-lead—device—right-lead system, under
the assumption that there is no interaction between the leads,
takes the form

H, Hie 0 O, O O
H= Hzc Hc H}Lec 0= OZC Oc OZc ’
0 Hpc Hg 0 Opc Op
where H,(0;), Ho(O¢), and Hg(Og) are the Hamiltonian
(overlap) matrices of the leads and the device. H; (O, ) and

Hy(Ogc) are the coupling matrices between the central re-
gion and the leads defined as

Hy' = (Wi|HgW)) 03" = (Wi|w)). 4)
By defining the self energies of the leads (X=L,R) as
T(E) = i[34(E) - S{(E)], (5)
where
2x(E) = (EOxc — Hxc)gx(E)(EOxc — Hxc), (6)
and where
gx(E) = (EOx - Hy)™", (7)

is the Green’s function of the semi-infinite leads and defining
the Green’s function of the central region
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GAE)=[EOc—Hc-3,(E) - 3g(E)] ™, (8)
the transmission probability is given by’
T(E) = Tr[G(E)T (E)GL{E)T (E)]. )

In this equation the transmission coefficient, T(E), is ex-
pressed by the Green’s functions of the device and the semi-
infinite leads. The Green’s function of the semi-infinite leads,
gy is calculated by the decimation®’ technique.

B. Basis Functions

In the following two subsections we briefly introduce the
basis functions used in the calculations.

1. Localized orbitals

The atomic orbitals are defined as
(=R =2 ¢, o (r—Ry) (10)
J

where R, is the position of atom k and « is an index for
(p,1,m). Gaussian functions are used in the expansion of the

atomic orbitals
12 3/4
— 21/ 2 A
) (\’V}’)l<;> e Y (F).

The linear combination coefficients c,; are determined by
solving the Kohn-Sham equation for a single atom confined
in a sphere of radius R,,,q**>" and the AOs vanish beyond
that radius. AOs similar to these are very popular in elec-
tronic structure and transport calculations. The AO basis de-
pends on the maximum angular momentum /,,,,, the cut-off
radius R s> and the maximum number p,,,, of radial parts
for each value of the angular momentum /. By increasing /,,,,
and p,,,. the accuracy of the calculations improves but the
computational time also increases, losing the advantages of
the localized basis states. The accuracy of the calculations
also depends on the cutoff radius and shape of the AOs. For
the light elements used in the present work R,,,r=5 A and
Lax=2 give well-converged results.?>3

AOs have proven to be accurate in describing ground-
state properties. The AO representation, however, is less
flexible for extended continuum wave functions that describe
tunneling and current-carrying states. One way to alleviate
this is to augment the localized AO with a basis set that
flexibly represents the wave functions in the interatomic re-
gions. For this purpose we introduce a grid of Gaussians with
=0,

474!

@in(r) = ((21+ Dn

B (r) = @po(r = sy, (11)

where s, is a point on a grid where the Gaussian is centered
and B is an index for (v,s;). The grid points s; and the
Gaussian width parameter v are selected in such a way that
the overlap between neighboring functions is small and there
is no linear dependence in the basis. The accuracy of the
calculations can be increased by increasing the number of
grid points for appropriately chosen v parameters. Grids of
Gaussians are often used as a basis; a recent illustration of
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FIG. 1. (Color online) Organization of the system into left/right
leads (L/R) and a central device (c). The self-consistent potential is
calculated for the central region between the planes. Only a few
layers of the leads need to be included to obtain a converged po-
tential for the central region.

the applicability of such functions to represent unbound elec-
trons in nanoelectronics can be found in Ref. 32.

Both of these basis sets are localized in a radius around
their centers. In the next subsection we introduce a basis set
that is not tied to the atomic positions and is nonzero in a
larger spatial region.

2. Box basis functions

In this subsection we define box basis functions as an
alternative to the AO representation. These basis functions
are defined in each box (see Fig. 1). The jth basis function in
the ith box is expanded in terms of a tensorial product of

Lagrange basis functions®® as
M, M, M,

() =2 2 D ClLi0)L,(0)L,G).  (12)
I=1 m=1 n=1

In the x direction, the Lagrange functions are defined on grid
points a;—h<x;,<b;+h, where qg; is the left and b; is the
right boundary of box i, as

X i

Li() = m@\wl)  m) =[] %
k=1 X

i i’
k#n

where w(x) is the weight function and the index i indicates
that the Lagrange function is defined in the ith box. The
Lagrange functions in neighboring boxes can overlap and the
region of overlap is determined by the parameter #. We use
the same Lagrange basis L,(y) and L,(z) in the y and z

:

© o000 0 000000 %00O0C0COCODOOO0OQOO0OCOO0

(a)
(4] o [} [ (4] [+ (] o (] (] [ ] o [ ] (4] (4] (]
00.0.0.00G°0.0’9.......°‘°°0°0°0°000.006
0.0.00000.0 [+ o° °° (<] 0.0°0°0°°°0°
(b)

FIG. 2. (Color online) Structure of the (a) Au-CO and (b) Al-
C-Al systems. The division into lead and device regions, displayed
generally in Fig. 1, is shown.
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FIG. 3. (Color online) Transmission vs relative energy for the
(a) Au-CO and (b) Al-C-Al systems using an atomic orbital basis. In
these plots, both the ground state and the conductance calculations
were performed on the same AO basis (p,,,,=1 blue dot-dashed
line, p,,..=2 red dashed line, and p,,,,=3 black solid line).

directions in each box. By this construction there are M;
=Mi><My><MZ Lagrange basis functions in box i. These
functions are used to generate the box basis functions that are
used in the transport calculations.

The box basis functions (,/Jj-"’x" are selected by solving the
eigenvalue problem

HinzEjC;, (14)

where H; is the matrix of the Hamiltonian Hgg in the ith box
in the orthogonal Lagrange function representation. After di-
agonalization this Hamiltonian has M, eigenstates. By using
a cutoff energy E,,,fs the lowest n; eigenstates of this Hamil-
tonian are used as box basis states in the transport calcula-
tions. The convergence properties and accuracy of this
approach has been studied in Ref. 24.

III. NUMERICAL RESULTS

Two systems were used to study the convergence of trans-
port calculations. The Au-CO system is a linear chain of Au
atoms to which a CO molecule has been adsorbed. This sys-
tem has been studied in Ref. 22 and we adopted the geom-
etry of the atoms from that source. The other system, Al-C-
Al, consists of two bulk Al leads joined by a linear chain of
seven carbon atoms (Fig. 2). The Al lattice constant is
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TABLE I. Convergence of conductance (in units of G). The asterisk appears when the basis size was too
large to complete the calculation. N and N; denotes the basis dimension in the central region and in the unit

cell of the lead.

Au-CO Al-C-Al
Ne N, G Ne N, G
Case I Pran=1 99 27 0.244 423 162 0.868
Pran=2 198 54 0.248 846 324 0.819
Pran=3 297 81 0.208 1269 486 0.788
Pran=4 396 108 0.204 1692 648 .
Pran=3 495 135 0.212 2115 810 .
Case II Pran=1 99 27 0.185 423 162 0.739
) 198 54 0.078 846 324 0.693
Prar=3 297 81 0.039 1269 486 0.817
Poar=4 396 108 0.017 1692 648 0.874
Pran=3 495 135 0.001 2115 810 0.902
Case III 1 50 25 0.001 100 50 0.721
2 60 30 0.001 120 60 0.755
3 70 35 0.001 140 70 0.762
4 80 40 0.001 160 80 0.763
5 100 50 0.001 180 90 0.763

4.05 A, the distance of the C atoms from the Al surfaces is
1 A, and the C-C distance is 1.25 A

These are relatively simple systems but they allow us to
study the convergence properties using large basis sets. The
increased computational cost associated with systems that
contain more atoms would prevent us from a systematic en-
largement of the bases.

In the calculations we first determine the self-consistent
potential by diagonalizing the Kohn-Sham Hamiltonian [Eq.
(1)] in the region that includes three layers in the left, three
layers in the right, and the central region (see Fig. 2) using
periodic boundary conditions on the computational cell.

Numerical tests show that adding these three layers is
sufficient to obtain the converged self-consistent potential in
the middle region containing layers 2-3, the device and lay-
ers 5-6 (between the planes in Fig. 2). The self-consistent
potential obtained in this way does not change in the middle
region if further layers are included in the computational
cell. That is, this self-consistent potential is the same as it is
in the infinite system containing the semi-infinite leads and
the device. Using the self-consistent potential of this middle
region one can calculate the matrix elements needed in the
transmission calculations using the basis functions defined
above.

First we calculated the transmission coefficient using
AOs. In these calculations both the self-consistent ground
state and the transmission coefficient are calculated using the
same AO basis set; that is, the transmission coefficient has a
twofold dependence on the basis set.

There are three parameters that influence the convergence
behavior: R yoffs Laxs and gy Out of the three, p,,,,. the
number of orbitals per angular momentum, is the most sen-
sible to vary and the easiest to change. We have kept /,,,,
=2 and R.0=5 A as these are typical choices in AO cal-

culations and give good ground-state properties for these
systems. Figure 3 shows the transmission as a function of
energy (relative to the Fermi energy) for p,,,,=1,2,3. Con-
sidering the value of the transmission at the Fermi energy,
the calculated conductances are shown in Table I (Case I).
The transmission curves obtained for different p,,,, values
are quite different, and the convergence as a function of the
number of basis states is slow, similar to what has been ob-
served in previous calculations.?!"*? For clarity Fig. 3 only
shows the results up to p,,,,=3. as the transmission for
Pmax=4 and p,,..=5 is still changing; that is, convergence
has not been reached. Adding more AOs is difficult because
the computational time becomes prohibitively large. The
slow convergence is especially noticeable in the Au-CO case.
The somewhat better convergence in the Al-C-Al case is due
to the fact that the d [=2 states are included in these calcu-
lations. Without the d states, a truncation that is often used in
transport calculations, the convergence is much worse. The
inclusion of the d states is computationally demanding and
by omitting them, the basis dimensions would decrease to
less than half of what is shown in Table I. The convergence
of the conductances in the table shows a very similar pattern
to what has been discussed above concerning the transmis-
sion curves.

Next, we will study the effect of varying the basis just in
the transmission calculation, and leaving the ground state
basis fixed. To this end we calculate the self-consistent po-
tential without employing AOs, instead using the Lagrange
function method>? which provides an accurate self-consistent
potential. Any other approach, e.g., plane-wave basis calcu-
lations could have been used for this purpose; the main point
is that the self-consistent potential has been calculated inde-
pendently of the basis function sets that are to be tested in
the transmission calculations. For all subsequent calcula-
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FIG. 4. (Color online) Transmission vs relative energy for the
(a) Au-CO and (b) Al-C-Al systems using an atomic orbital basis. In
contrast with Fig. 3, here the ground-state potentials for all curves
were the same, calculated with a Lagrange basis for high accuracy.

tions, we will fix the ground-state potential to that obtained
by the Lagrange function basis. This allows us to see just the
influence of varying the AO basis in the transmission calcu-
lation.

Figure 4 shows the basis set dependence of the AO-based
calculation for the fixed self-consistent potential. Compared
to the previous case, the convergence is much faster and a
much smaller basis set is sufficient to calculate accurate
transport properties. The conductance values in Table I (Case
II) nicely converge with the number of basis states. One can
notice that the converged values are different from those

2

0.5

=)

FIG. 5. (Color online) Same as Fig. 4(a), except that the atomic
orbital bases used were spatially smaller.
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FIG. 6. (Color online) Au-CO transmission calculation with the
Gaussian-augmented AO basis. For p,,,,=2 the transmission is cal-
culated with (dashed red line) and without (solid black line) the
addition of a uniform grid of Gaussian basis functions.

shown in Case I. This shows that a large part of the basis set
error in the previous case is due to the basis set dependence
of the self-consistent potential. This is mostly due to the
difference of the Fermi energies obtained by the Lagrange
basis grid and by the AO self-consistent potential calcula-
tions. Due to the Fermi energy difference the curves are

2

T(E)
T

0.5

(b)

FIG. 7. (Color online) Convergence of the transmission using
box basis states for (a) Au-CO and (b) AlI-C-Al The curves corre-
spond to the number of box basis states as defined by sets 1 (blue
dot-dashed line), 2 (red dashed line), and 3 (black solid line) in
Table I (Case IIT). The results obtained by using larger basis sets (4
and 5 in Table I) are identical with the black solid line within the
resolution of the figure.
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FIG. 8. (Color online) Comparison of the results obtained by the
box basis (solid black line) and the AO (dashed red line) for (a)
Au-CO and (b) Al-C-Al

slightly shifted leading to this shift in the conductances. It is
interesting to note the strong dependence of the results on
R yopp- Figure 5 shows the same calculation as Fig. 4(a) us-
ing AOs with R,,=3.5 A. The smaller radius does not
significantly affect the energy of the system, but the calcu-
lated transmission has substantially changed, especially in
the higher energy region.

We have also investigated the effect of augmenting the
AO with floating Gaussian states. The calculations show that
these states do not significantly improve the convergence.
For example, adding a grid of Gaussians to p,,,,=2 (Fig. 6)
does not substantially change the transmission coefficient.
Adding a Gaussian grid to AOs which have a smaller cutoff
radius changes the results somewhat more (these results are
not shown here) but it is found to be hard to optimize their
positions and widths. Moreover, although adding floating
Gaussians have somewhat changed the transmission coeffi-
cients, no clear convergence pattern could be found.

Next we show our results using the box basis states. The
convergence of the transmission is shown in Fig. 7 and the
conductances can be seen in Table I (Case III). The most
important result of this case is that the transmission con-
verges rapidly and systematically as a function of the number
of basis states. One can also note that the number of basis
states needed for convergence is much less than in the AO
calculations. The converged box basis calculation is com-
pared to the best AO results in Fig. 8. The agreement is good;
for a better agreement probably more AOs should be in-
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FIG. 9. (Color online) Comparison of the box basis calculation
(solid black line) to benchmark results. The blue dot-dashed line is
the Wannier, the red dashed line is the AO calculation of Ref. 22.

cluded, which as we have already emphasized, is computa-
tionally unfeasible.

Finally, we compare our results to the benchmark calcu-
lation published in Ref. 22. In the benchmark paper the
transmission functions are calculated using two different
density functional theory methods, an ultrasoft pseudopoten-
tial plane-wave code in combination with maximally local-
ized Wannier functions and the norm-conserving pseudopo-
tential code SIESTA which applies an atomic orbital basis
set. Figure 9 compares the results of the benchmark calcula-
tion to our box basis results. The agreement is very good.

IV. CONCLUSIONS AND SUMMARY

The development of efficient quantum transport
calculations’" is an area of very active research. These cal-
culations have yet to reach the accuracy and efficacy of
ground state DFT calculations. Using the combination of the
nonequilibrium Green’s function formalism and ground-state
density-functional theory we have studied the convergence
and basis set dependence of quantum transport calculations.

Atomic orbitals are widely used in NEGF implementa-
tions, but the convergence of transport properties with re-
spect to the number of basis states is slow. Examples in this
paper show that this is partly due to the basis set dependence
of the self-consistent potential. In other words, if the self-
consistent potential is accurately calculated then much fewer
AOs are needed in the calculation of the transport properties.
The calculation of the transport coefficient is a time consum-
ing part of the transport calculations because it involves
many inversions of large matrices and this has to be repeated
for many energy values.

The box basis orbitals lead to much faster convergence on
a much smaller basis than the AOs. The typical number of
basis states per electron orbital is about 2-3. This signifi-
cantly reduces the computational cost. Another useful prop-
erty of the box basis is that by increasing the number of basis
states the Hilbert space is enlarged and the transport coeffi-
cients systematically converge. In the case of AOs the trans-
port coefficients always change and due to computational
limitations the same level of accuracy cannot be reached.
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The accuracy of box basis states is due to the facts that (1)
they are spatially extended and can represent scattering states
efficiently and (2) the box basis states are optimized for the
converged self-consistent potential.

The present calculations are restricted to zero bias volt-
age. The study of transport calculations in nonequilibrium

PHYSICAL REVIEW B 81, 115412 (2010)
conditions is more challenging and left for future work.
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